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1. Introduction 

As the range of uncontrolled weapons is increased, a side effect is a concomitant increase in 
impact point dispersion.  To statistically neutralize a target, the number of rounds to be fired by a 
conventional weapons system is directly proportional to the impact point dispersion of the 
system.  Thus, the price to pay for increased projectile range is firing more rounds at the target 
(1, 2).  To circumvent this basic limitation of conventional weapon systems, designers are 
considering employing active control technology to simultaneously enable both increased range 
and decreased dispersion for future systems.  A key component of a smart projectile is the 
control mechanism.  The control mechanism must be capable of altering the trajectory of the 
projectile in such a way that impact point errors induced at launch and in flight can be corrected.  
At the same time, the control mechanism must be rugged (to withstand high acceleration loads at 
launch), small (so that payload space is not compromised), and inexpensive (for cost 
considerations). 

Current projectile control mechanisms include configurations capable of manipulating 
aerodynamic loads, generating jet thrust, and altering inertial loads on the body.  Examples of 
aerodynamic control mechanisms include rotation of aerodynamic lifting surface appendages, 
deflection of the nose, and deflection of ram air to side ports.  Examples of jet thrust control 
mechanisms include gas jet and explosive thrusters.  Examples of inertial control mechanisms 
include internal translation of a control mass and internal rotation of an unbalanced part. 

Many conventional uncontrolled projectile configurations contain internal parts that move 
slightly in flight.  For example, submunitions deployed from indirect fire projectiles are keyed 
into place inside the round; however, small relative motion occurs.  Also, fuze mechanisms used 
on some indirect fire ammunition employ a rotor that is permitted to move slightly with respect 
to the main projectile body.  Although seemingly insignificant from a dynamic modeling 
perspective, small mass unbalances in these configurations can induce instability of the round as 
a whole, typified in flight by a large loss in range and large spin decay.  For this reason, several 
researchers have investigated dynamic stability of projectiles with moving internal 
components (3).  Soper (4) evaluated the stability of a spinning projectile that contains a 
cylindrical mass fitted loosely into a cylindrical cavity.  Using a similar geometric configuration, 
Murphy (5) developed a quasilinear solution for a projectile with an internal moving part.  Later, 
D’Amico (6) performed a detailed series of experiments where a projectile with a loose internal 
part was driven by the rotor of a freely gimbaled gyroscope.  Hodapp (7) expanded the work of 
Soper and Murphy by considering a projectile configuration with a partially restrained internal 
member with a mass center offset. 

Some new projectile configurations are designed with sizeable moving parts that are fundamental 
to the operation of the projectile.  For example, the gimbal nose projectile configuration mounts 
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the nose section on a gimbal joint so that the nose is capable of rotating freely with respect to the 
main body of the projectile.  Several investigations have evaluated the potential of the gimbal 
nose concept to be used as a control mechanism and a means to reduce dispersion (8–10).  
Another example of a multiple component configuration is the dual-spin projectile, which 
consists of forward and aft sections connected through a bearing, allowing different spin rates for 
each section.  The utility of the configuration has emerged for guided spin-stabilized rounds 
where the control mechanism is isolated from the rapidly rotating main body (11–13).  

The work reported here evaluates control authority of fin-stabilized and spin-stabilized 
projectiles equipped with an internal part that can be controlled to an arbitrary roll orientation.  
At launch, the part is assumed to be symmetric and located on the projectile axis of symmetry in 
order to avoid trajectory changes due to lateral throw-off.  Before the control mechanism is 
deployed, it is rotated to the desired roll orientation.  The unbalance is subsequently deployed, 
yielding an unbalanced configuration.  By holding the part in different roll orientations with 
respect to a nonrolling reference frame, predictable trajectory changes occur, suggesting a 
potential control mechanism.  The effects of varying inertia and aerodynamic properties of a 
nominal rigid projectile are studied.  The report begins with the description of a seven degree-of-
freedom (DOF) flight dynamic model used for trajectory predictions along with the description 
of a flight control system to track commanded roll orientation of the part.  The model is 
subsequently employed to predict control authority of exemplary fin-stabilized and spin-
stabilized projectiles and of the same projectiles modified such that their inertia and aerodynamic 
properties are more responsive to control.  Control authority vs. the radial offset, activation time, 
mass of unbalance, and system velocity is documented. 

2. Internal Part Projectile Dynamic Model 

A projectile containing an internal part and a mechanism capable of actively controlling the 
angular position of that part about its axle is considered as shown in figure 1.  The projectile (P) 
and the internal part (D) are both rigid bodies connected at an arbitrary point (C).  The motion of 
the part is constrained to rotate about its axle.  Figure 1 shows the relative locations of the 
centers of gravity for the projectile, part, and initially symmetrical system (S).  The mathematical 
model describing the motion of the system allows for seven rigid-body DOFs.  Three 
translational and three rotational DOFs are used to describe the motion of the main body, and 
one rotational DOF is used to describe the angular motion of the part with respect to the main 
projectile body.  In order to develop the dynamic equations of motion for these seven DOFs, 
three separate reference frames are used, as shown in figure 1.  The ground surface is used as an 
inertial reference frame with IK

v
 positive down.  A body frame is fixed on the projectile at the 

system reference point with PI
v

 positive out the nose of the projectile.  Another body frame is 
fixed on the center of the part bearing and its axle such that DI

v
 lies along the axle of the part.  
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The part body frame is initially coincident with the projectile body frame and is oriented with 
respect to the projectile body frame through a set of body-fixed rotations, Dψ , ,Dθ and Dφ .  The 
transformations are obtained using the standard aerodynamic rotation sequence described by 
Etkin (13). 
 

 

Figure 1.  Example system configuration. 

Applying the projectile body frame to inertial frame transformation to the mass center velocity 
vector yields the translational kinematic differential equations:
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Equating the angular velocity components, using Euler angle time derivatives and body frame 
angular velocity components, yields the rotational kinematic differential equations: 
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The kinematic differential equations define seven of the fourteen dynamic equations needed to 
describe the trajectory of the states.  The remaining seven differential equations are derived by 
separating the two-body system at the part axle connection point and considering the reaction 
forces and moments associated with each individual body, as shown in figure 2.   

 

Figure 2.  Free body diagram.
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A constraint force, RF
v

, and a constraint moment, RM
v

, applied at the connection point C couple 
the part and projectile bodies.  Axial moments, T

v
 and FM

v
, due to torque generated by the 

controlling mechanism and bearing friction are applied to the bodies.  The projectile body is also 
acted on by aerodynamic forces, AF

v
, and aerodynamic moments, AM

v
.  The translational 

dynamic equations of motion for each body are given in equations 4 and 5: 

 DRIDD WFam
vvv += . (4) 

 APRIPP FWFam
vvvv ++−= . (5) 

Summing equations 4 and 5 eliminates the reaction force and yields the translational dynamic 
equation of motion for the projectile.  When expressed in component form in the projectile body 
frame, it yields three translational kinetic differential equations: 

 APDIDDIPP FWWamam
vvvvv ++=+ / . (6) 

The acceleration of the mass center of the projectile IPa /
v  is expressed in terms of the 

acceleration of the stationary system reference point, S, by applying the formula for two points 
fixed on a rigid body from the stationary system reference point to the projectile mass center: 

 )( //// PSIPIPPSIPISIP rraa →→ ××+×+= vvvvvvv ωωα , (7) 

where 

 ISIP
IS

P

IS V
dt
Vd

a //
/

vv
v

v ×+= ω . (8) 

The acceleration of the mass center of the part IDa /
v  is expressed in terms of the acceleration of 

the stationary system reference point, S, by applying the formula for two points fixed on a rigid 
body from the stationary system reference point to the connection joint C, and again from the 
connection joint to the part mass center D: 

 )( ///// CSIPIPCSIPISID rraa →→ ××+×+= vvvvvvv ωωα   

 ).( /// DCIDIDDCID rr →→ ××+×+ vvvvv ωωα  (9) 

The angular accelerations with respect to the inertial frame of the projectile body, IP /αv , and the 
part body, ID /αv , is found by taking the derivatives of the respective angular velocities: 

 IPIP
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P
IP

I

dt
d

dt
d

//
// ωω

ωα vv
vv

×+= . (10) 

 ( )PDIPIP
PD

P
IP

P
ID

I

dt
d

dt
d

dt
d

///
/// ωωω

ωωα vvv
vvv

+×++= . (11)
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Summing the moments acting on the part about the connection point C yields the rotational 
equation of motion for the part body.  The rotational dynamic equation of motion for the 
projectile body is found by summing the moments about the projectile mass center: 

 FDDCRIDDC
ID

I

MWrMTar
dt

Hd vvvvvvv
v

−×++=×+ →→ /
/ . (12) 

 FRCPRA
IP

I

MFrMTM
dt
Hd vvvvvv
v

+×−−−= →
/ . (13) 

Summing equations 12 and 13 eliminates the reaction moments and forms the rotational dynamic 
equation of motion for the two-body system.  This equation yields three rotational kinetic 
differential equations.  In component form, it is expressed in the projectile body frame: 

 DDCRCPIDDCA
ID

I
IP

I

WrFrarM
dt
Hd

dt
Hd vvvvvvv

vv

×+×−×−=+ →→→ /
// . (14) 

The constraint force is obtained by subtracting equation 5 from equation 4: 
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The aerodynamic loads AF
v

 and moments AM
v

 exerted on the projectile body in the previous 
equations are found using standard aerodynamic theory for projectiles (14). 

The derivatives of angular momentum of the bodies are given in equations 16 and 17: 

 IDIP
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P
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I

H
dt
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dt

Hd
//

//
vv

vv

×+= ω . (16) 

 IPIP
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P
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I

H
dt
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dt
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//
//

vv
vv

×+= ω . (17) 

The final kinetic differential equation is found by summing the axial moments acting on the part.  
This is accomplished by dotting each term of the rotational dynamic equation of motion of the 
part body with the unit vector DI

v
 of the disk body frame.  An axle joint cannot support an axial 

constraint moment, and therefore the reaction moment RM
v

 does not appear in the equation: 

 ( ) ( ) FDDCDDIDDCD
ID

I

D MWrITIarI
dt

Hd
I

vvvvvvvvv
v

v
−×•+•=×•+• →→ /

/ . (18) 

The independent state variables x, y, z, φ , θ , ψ , and Dφ  are defined by the kinematic 
differential equations.  The variables u, v, w, p, q, r, and ω  are chosen for the remaining seven 
states variables and are conveniently concatenated into the vector s:
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 { }Trqpwvus ω= . (19) 

The seven kinetic differential equations are found by expressing the dynamic equations of 
motion given by equations 6, 14, and 18 in component form.  The body frame components of the 
dynamic equations of motion can be written as 
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The matrices PRPT AA , , and DRA , the vectors PRPT BB , , and DRB , and the individual terms that 
form them are given in the appendix. 

3. System Mass and Inertia Properties 

To properly compare the effects on the trajectory of a projectile containing an asymmetrical 
internal part to that of a rigid projectile, special consideration is given to the formulation of the 
system’s mass and inertial properties.  The total mass and inertia properties of the two-
component system are held constant at values equal to that of a baseline rigid projectile.  A disk-
shaped mass, located on the axis of symmetry of the nominal rigid projectile, is removed from 
the baseline rigid projectile.  The removed mass is equal to that of the internal part.  Resulting 
mass and inertia properties are appropriately modified.  The modified projectile comprising the 
two-body system is called the projectile (P), and the original baseline projectile is called the 
nominal rigid projectile.  The internal part is then added to the projectile such that if the internal 
part were held fixed with respect to the projectile body, the combined masses produce mass and 
inertia properties for the two-body system that are identical to the baseline rigid projectile.  The 
reference point, S, is taken as the center of mass of the baseline rigid projectile. 

4. Control Mechanism Deployment 

For a gun-launched weapon, acceleration at the muzzle exit is sufficiently large to prevent proper 
operation of the onboard CPU until slightly after launch, as well as prevent relative motion 
between the projectile and internal part.  If the internal part is laterally offset from the projectile 
axis of symmetry at the time of firing the two-body system is equivalent to a statically 
unbalanced projectile.  A statically unbalanced projectile is mechanically constrained to rotate 
about its geometric center of form while traveling down a rifled gun barrel.  At the muzzle of the 
gun, the mechanical constraint provided by the barrel is suddenly removed, and the initial 
conditions of the free-flight trajectory are dependent on the spin rate, the lateral offset of the 
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center of mass, and the roll orientation angle of the center of mass.  The effect of a lateral center-
of-mass offset, or static unbalance, is to change the initial direction of the trajectory of a spin-
stabilized projectile at the gun muzzle (15). Exterior ballisticians commonly refer to this effect as 
lateral throw-off.  Internal part offset from the projectile axis of symmetry at launch results in 
unpredictable changes in the trajectory because roll angle of the mass center is not practically 
controllable at the muzzle.  To avoid lateral throw-off effects, the internal part’s center of mass is 
located on the projectile axis of symmetry, and the part is symmetric and not spinning relative to 
the projectile.  After the system exits the muzzle, the control-processing unit is powered on and a 
small amount of time is allowed to elapse in order for the system to warm up.  The symmetric 
part is controlled to the desired roll orientation relative to a nonrolling reference frame, reformed 
as an asymmetrical part, and offset from the axis of symmetry inducing a stationary mass 
unbalance in the two-body system. 

5. Internal Part Orientation Control 

To affect the trajectory of the system, the roll angle of the internal part is controlled such that it 
causes a stationary mass unbalance of the projectile with respect to a nonrolling reference frame.  
Derivative control is used to reduce the spin rate of the part, defined as  

 ω+=Ω p , (21) 

to less than 1 rad/s.  The roll orientation of the symmetric part is first controlled to the desired 
angle relative to the nonrolling reference frame, and then reformed asymmetrically and offset 
from the projectile axis of symmetry.  The no-roll reference frame is located on the two-body 
system reference point, S, and is defined as an intermediate frame before roll angle rotation of 
the projectile body frame, as shown in figure 3.  The desired control, Cφ , is specified as a roll 
angle between –180° and 180° with respect to the no-roll frame.  The error, Eφ , is defined as the 
angle between the specified control angle and DJ

v
.  The orientation angle of the part, Jφ , 

between DJ
v

 and NJ
v

, is given as 

 DJ φφφ += . (22) 

A control reference frame is defined to be aligned with the desired part orientation angle, as 
shown in figure 3: 
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Figure 3.  Internal part orientation angle control metrics. 

 

To determine the control command, the angle of error is computed as given: 

 ⎟
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Control of the error is maintained by applying an axial torque T
v

 that is produced by the control 
algorithm shown in figure 4.
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Figure 4.  Internal part orientation angle and roll rate control logic. 

6. Trajectory Control Mechanism 

The main mechanism for steering the system is a moment produced by axial drag about the 
composite body center of mass that is created by positioning the part in a fixed orientation 
relative to the nonrolling reference frame attached to the projectile body.  This moment causes a 
fin-stabilized system to swerve in the same direction of the resulting yawing motion.  However, 
for a spin-stabilized system, the swerve is ~180° out of phase with the initial direction of the yaw 
due to the gyroscopic effects inherent in a spinning projectile.  Thus, positioning the part to the 
right of the projectile centerline will cause a spin-stabilized system to swerve to the right and up, 
as shown in figure 5.
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Figure 5.  Trajectory control mechanism.
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7. Results 

To generate the trajectories, the 14 differential equations described previously are numerically 
integrated using a fourth-order Runge-Kutta algorithm.  In order to validate the dynamic model 
described previously, trajectory results were generated for the special case of a symmetric disk 
mounted on the axis of symmetry of the projectile.  Bearing friction was set sufficiently large so 
that relative motion between the disk and projectile was negligible, hence mimicking a rigid 
projectile.  These trajectory results compared favorably with a well-known rigid six-DOF model 
driven by the same configuration data. 

In the following studies, consideration is given to modifying the mass and inertia properties of 
the nominal rigid projectile such that it is fundamentally less stable then that of a typical fin-
stabilized or spin-stabilized projectile.  This modification is conducted to demonstrate the 
increased control authority achieved through destabilization of a nominal rigid projectile.  
Removing mass from the nominal rigid projectile and replacing it at a different location along 
the stationline alters the mass and inertia properties.  For a spin-stabilized projectile, this 
modification shifts the nominal rigid projectile center of mass forward and closer to the 
aerodynamic center of pressure and decreases the resistance to rotation about the PJ

v
 and PK

v
 

projectile body axes, while maintaining the nominal rigid projectile mass.  For a fin-stabilized 
projectile, the nominal rigid projectile center of mass is shifted aft and closer to the aerodynamic 
center of pressure.  The seven DOF two-body system constructed with a nominal projectile is 
called the nominal two-body system and the seven DOF two-body system constructed with a 
modified projectile is called the modified two-body system.  Consideration is also given to 
increasing the drag and lift on a modified and nominal system to further emphasize the increased 
control authority that is achieved by coupling this type of mechanism with nonstandard 
munitions.  These systems are called the modified drag system and the nominal drag system. 

In order to determine the effects of using an internal part as a control mechanism for a 
fin-stabilized projectile, the flight characteristics of a nominal, modified, and drag modified 
fin-stabilized system were simulated and compared to the flight characteristics of a standard rigid 
fin-stabilized projectile.  Results are shown for a typical fin-stabilized rocket having a weight of 
120.20 N.  The nominal stationline, buttline, and waterline distances to the nominal fin-stabilized 
projectile center of mass are 76.2, 0, and 0 cm, respectively, measured from the base.  The 
modified stationline, buttline, and waterline distances to the modified fin-stabilized projectile 
center of mass are 46.22, 0, and 0 cm, respectively, measured from the base.  The nominal roll 
inertia is 0.025 kg-m2, and the nominal pitch and yaw inertia is 6 kg-m2.  The fin-stabilized 
projectile modified roll inertia is 0.025 kg-m2, and the modified pitch and yaw inertia is 
9.95 kg-m2.  The reformed internal part consists of a semicylindrical shaped lead part mounted to 
an axle such that DI

v
 coincides with PI

v
.  The semicylindrical shaped part located in the fin-
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stabilized system has a radius of 3.18 cm and is 10.16 cm long.  It has a mass of 1.83 kg.  The 
part-to-projectile connection point is located at the composite body center of mass.  When 
reformed asymmetrically, the part center of mass is radially offset from the projectile axis of 
symmetry a distance of 35.1=ε  cm.  It has roll inertia of 1.94 E-2 kg-m2, yaw inertia of 2.02 E-
2 kg-m2, and pitch inertia of 9.28 E-03 kg-m2.  The initial Euler angles φ, θ, and ψ and  of the 
fin-stabilized system are 0, 3, and 0°, respectively.  The fin-stabilized system is launched with a 
velocity of 350.52 m/s and a spin rate of 50 rad/s.  The initial pitch and yaw rates and the side 
velocities are all equal to zero.  The part roll rate control is initiated 0.5 s after the projectile is 
launched.  It takes ~1 s to spin the part down to less than 1 rad/s and control the part to the 
desired roll orientation.  The part is asymmetrically reformed 1.5 s into the flight.  The maximum 
allowable control torque is set at 13.56 N-m.  The commanded control angle φc is specified to be 
0 rad for the trajectory of the nominal and modified two-body fin-stabilized systems.  Both 
system trajectories are compared to that of an exemplary fin-stabilized rigid projectile.  Included 
in the study are the trajectories of a fin-stabilized system that result if the axial drag of a 
modified two-body system projectile is increased by 30%.   

Altitudes vs. range of the two-body systems are compared to that of a fin-stabilized rigid 
projectile in figure 6.  The trajectory of the nominal system and the rigid projectile are 
coincident.  All systems travel downrange and impact with a vertical target at a range of 3 km.  
The inertia of the modified system is such that it induces an increase in pitch at launch resulting 
in increased altitude.  The modified drag system also experiences an initial increase in altitude, 
but this quickly reduces due to increased drag and results in a decrease in altitude at impact.  In 
figure 7, cross range of the nominal two-body system is ~4 m greater than that of a rigid 
projectile in a direction opposite that of the part orientation.  Cross range of the modified two-
body system is ~27 m greater than that of a rigid projectile.  Increasing axial drag of the two-
body system by 30% further increases cross range over that of a rigid projectile to ~40 m.  The 
forward velocity time histories of the fin-stabilized systems are compared to a rigid projectile in 
figure 8.  The nominal system velocity is coincident with that of a rigid projectile, demonstrating 
that the inclusion of an internal part has little effect on the projectile forward velocity.  The 
modified two-body system, however, flies at a slightly higher angle of attack, increasing drag, 
and noticeably reducing forward velocity.  The roll rate time histories of a rigid projectile, the 
two-body systems, and their internal parts are shown in figure 9.  The part roll rates are all 
coincident.  Control of the part roll rate is not initiated until 0.5 s into the flight and a moment 
due to bearing friction causes roll rate of the part to decrease at a slower rate than that of the 
projectile body.  When control is initiated at 0.5 s, torque is applied to the part, causing it to 
rotate in a direction opposite to that of the projectile.  The applied torque acts on the projectile in 
an equal and opposite direction, causing it to spin down.  Once control is implemented, it takes 
~0.2 s to reduce roll rate of the part to less than 1 rad/s, and another 0.8 s to control the roll 
orientation of the symmetrical part to the desired angle relative to the nonrolling reference frame, 
as shown in figure 10.  The maximum torque required to reduce the spin rate to less than 1 rad/s 
is ~0.30 N-m, as shown in figure 11.  Once roll rate of the part is reduced, and reformed 
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asymmetrically at an offset from the projectile axis of symmetry, approximately half the 
maximum torque is necessary to control the disk at a specified angle.  Angle of attack vs. time of 
the two-body systems is compared to that of a rigid projectile in figure 12.  The inertial 
characteristics of the modified projectile cause an initial increase in the angle of attack of the 
modified two-body system at launch.  Fixing the orientation of the mass unbalance and 
reforming the part asymmetrically (occurs at 1.5 s) perturbs the system dynamics affecting 
increases in the angle of attack of both two-body systems.  It also induces lateral oscillations in 
the angle of attack, which decay over time.  However, the perturbations due to the reformation of 
the part results in the modified two-body system angle of attack increasing with time.  Fixing the 
orientation of the mass unbalance at a 0° control angle causes an increase in the Euler yaw angle 
of the two-body systems, as shown in figure 13.  However, it has very little effect on Euler pitch 
angle shown in figure 14.  If the part were fixed at an angle of 90 or 270°, a large increase would 
be seen in the Euler pitch angle and the Euler yaw angle would not be affected.   

 

 

Figure 6.  Fin-stabilized system altitude vs. range. 
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Figure 7.  Fin-stabilized system cross range vs. range. 

 

Figure 8.  Fin-stabilized system magnitude of velocity time history.

(s) 
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Figure 9.  Fin-stabilized system roll rate time histories. 

 

Figure 10.  Fin-stabilized system part roll angle time histories. 

(s) 

(s) 
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Figure 11.  Fin-stabilized system control torque. 

 

Figure 12.  Fin-stabilized system angle of attack. 

(s) 

(s) 
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Figure 13.  Fin-stabilized system Euler yaw angle. 

 

Figure 14.  Fin-stabilized system Euler pitch angle. 

(s) 

(s) 
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In order to evaluate control authority size and shape, vertical plane dispersion patterns are shown 
in figure 15 for different part command angles.  Control authority is defined as the dispersion 
pattern created by the set of impact points.  Control authority is shown for the nominal and 
modified two-body systems and for the nominal and modified two-body systems with 30% 
increased axial drag.  For this study, the orientation of the mass unbalance is controlled at angles 
from 0 to 360° in increments of 10°, and impact points are plotted with respect to the impact 
points of similar uncontrolled systems.  Predictable dispersion patterns are achieved for given 
mass unbalance orientation angles.  Moreover, increased control authority is achieved by 
modifying the mass, inertia, and aerodynamic properties of a rigid projectile such that it is 
fundamentally less stable than that of a typical fin-stabilized projectile. 

 

 

Figure 15.  Control authority plot for fin-stabilized systems. 
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In order to evaluate the effect that velocity has on a system containing an internal part, dispersion 
patterns were generated for a range of launch velocities of a modified fin-stabilized system fired 
at a pitch angle of 3° from an altitude of 3000 m at a target 3000 m downrange.  The effects of 
varying velocity are isolated from the time at which the internal mechanism is deployed by 
reforming the part asymmetrically at the same range (762 m) for each of the velocities.  The 
radial mean of dispersion was calculated from the impact points generated by simulating the 
trajectories of the modified fin-stabilized system equipped with a semicylindrical part controlled 
at angles from 0 to 360° in increments of 10°.  The radial mean of dispersion and average 
stationline distance from the center of pressure to the system center of gravity is plotted vs. 
average velocity in figure 16.  The increase in control authority at lower velocities is due to the 
fact that fin-stabilized systems usually become less stable at lower velocities, and therefore 
perturbation due to the axial drag induced moment results in a greater increase in yaw and 
consequently dispersion.  The decrease in stability is a result of the Mach number dependent 
stationline center of pressure approaching the system stationline center of gravity at lower 
velocity.  This observable fact is shown in figure 16, where average stationline distance from the 
center of pressure to the system stationline center of mass is plotted vs. velocity on the right-
hand side of the graph.  Consequences of increasing dispersion by lowering velocity are an 
increase in time to target and a loss in altitude, as shown in figures 17 and 18. 

 

 

Figure 16.  Fin-stabilized dispersion and average stationline distance vs. average velocity. 
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Figure 17.  Fin-stabilized system time to target as a function of velocity. 

 

Figure 18.  Fin-stabilized system loss in altitude as a function of velocity. 

(s
) 
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A subsequent study was performed to determine the effects of using an internal part as a control 
mechanism for a spin-stabilized projectile.  The flight characteristics of a nominal, modified, and 
drag modified spin-stabilized system were simulated and compared to the flight characteristics of 
a nominal and modified rigid spin-stabilized projectile.  Results are shown for a typical 155-mm 
spin-stabilized artillery shell having a nominal weight of 422 N.  The nominal stationline, 
buttline, and waterline distances to the nominal spin-stabilized projectile center of mass are 0.32, 
0, and 0 m, respectively, measured from the base.  The stationline, buttline, and waterline 
distances to the modified projectile center of mass are 0.62, 0, and 0 m, respectively, measured 
from the base.  The spin-stabilized projectile nominal roll inertia is 0.48 kg-m2, and the nominal 
pitch and yaw inertias are 6.21 kg-m2.  The spin-stabilized projectile modified roll inertia is 
0.61 kg-m2, and the modified pitch and yaw inertias are 5.35 kg-m2.  The reformed internal part 
contained in the spin-stabilized system consists of a semicylindrical shaped lead part that has a 
mass of 4.58 kg, a radius of 6.35 cm, and is 6.35 cm thick.  The part-to-projectile connection 
point is located at the composite body center of mass.  When reformed asymmetrically, the part 
center of mass is radially offset from the projectile axis of symmetry a distance of 69.2=ε  cm.  
It has a roll inertia of 1.94 E-2 kg-m2, a yaw inertia of 2.02 E-2 kg-m2, and a pitch inertia of 
9.28 E-03 kg-m2. 

The initial Euler angles ,, θφ  and ψ  of the spin-stabilized projectile are 0, 30, and 0°, 
respectively.  The spin-stabilized projectile leaves the muzzle with a velocity of 838.20 m/s and a 
spin rate of 1675 rad/s.  The initial pitch and yaw rates and the side velocities are all equal to 
zero.  Part roll rate control is initiated 2 s after the projectile leaves the muzzle.  It requires ~3 s 
to spin the part down to less than 1 rad/s and another 0.5 s to control the part to the desired roll 
orientation.  The part is asymmetrically reformed 6 s into flight.  The maximum allowable 
control torque is 13.56 N-m.  The commanded control angle Cφ  is specified to be 0°.  In order to 
determine the effects altering the aerodynamics of a modified projectile have on a spin-stabilized 
system, the Mach number dependent, drag, and lift force coefficients of the modified spin-
stabilized projectile are increased by 30%.  However, indirect fire weapons suffer a loss in range 
and altitude with increased drag; therefore, the increased control authority due to the moment 
produced from axial drag about the system center of mass is offset by the loss in time of flight.  
In order to compare the effects of altering drag and lift coefficients on the system, the muzzle 
velocity of the modified drag system is increased to 960 m/s to compensate for the loss in 
altitude and range caused by the increase.   

Altitude vs. range of nominal, modified, and modified drag, two-body systems is compared to 
that of nominal and modified rigid projectiles in figure 19.  The inertia of the modified two-body 
system is such that it induces a negative pitch rate at launch.  Because of gyroscopic effects 
inherent in spinning projectiles, the negative pitch rate results in a positive increase in altitude 
and consequent increase in range.  Increasing the axial and normal drag by 30% of the modified 
drag system and increasing its muzzle velocity to 960 m/s increases the altitude while 
maintaining approximately the same range as the modified system.  A further increase in altitude 
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is gained by the two-body systems over the altitude of the rigid projectiles because of increased 
spin rate due to the axial torque necessary to orient the internal part.  Figure 20 shows that 
controlling the internal part at an angle of 0° results in an increased range of ~20 m over that of a 
nominal rigid projectile.  It affects an increase in cross range of ~55 m over that of an 
uncontrolled two-body system in the direction of the part orientation.  Controlling the internal 
part at an angle of 0° in a modified two-body system results in an increased range of ~80 m and 
an increased cross range of ~90 m over that of a modified rigid projectile.  Increasing the drag 
and lift coefficients further increases the cross range to ~190 m; however, range is decreased by 
~55 m.  Note that the spin-stabilized system lateral swerve in the horizontal plane is in a 
direction opposite to that of the motion that would be intuitively produced as a result of the axial 
drag acting about the composite body center of gravity.  Referring to figure 7, it can be seen that 
the direction of horizontal plane swerve for a fin-stabilized system is opposite that of a spin-
stabilized system for the same part orientation control angle.  The forward velocity time histories 
of the nominal and modified two-body systems that are compared in figure 21 are almost 
coincident, demonstrating that the inclusion of an internal part has little effect on a spin-
stabilized system’s forward velocity.  The modified two-body system, however, flies at a slightly 
higher angle of attack, increasing drag, and slightly reducing the forward velocity (~3 m/s).   

The modified drag system reduction in forward velocity is due to the increased axial force.  The 
roll rate time histories of the controlled two-body systems and their internal parts are shown in 
figure 22.  Control of the part roll rate is not initiated until 2 s into the flight and a moment due to 
bearing friction causes roll rate of the part to decrease at a reduced rate than that of the projectile 
body.  When control is initiated at 2 s, torque is applied to the part causing it to rotate in a 
direction opposite to that of the projectile.  The applied torque acts on the projectile in an equal 
and opposite direction, causing it to spin up.  The modified systems have greater roll inertia than 
the nominal system, and do not spin up as quickly or to as large a rate.  However, because of the 
greater roll inertia, the modified systems’ spin rates are not damped out to the same extent as the 
nominal system’s spin rate.  Once control is implemented, it requires ~3 s to reduce roll rate of 
the part to less than 1 rad/s, and another 0.5 s to control the roll orientation to the desired angle 
relative to the nonrolling reference frame (figure 23).  In order to achieve zero spin rate with 
respect to the no-roll frame, the part is spun at a rate equal and opposite to that of the projectile.  
For a spin-stabilized system, this initially requires a significant torque and during this time the 
controller is saturated as shown in the control torque profile in figure 24.  Once roll rate of the 
part is reduced, and reformed asymmetrically at an offset from the projectile axis of symmetry, 
the torque necessary to control the disk at a specified angle becomes more manageable and 
changes in angle can be achieved in less than 0.5 s.  Angle of attack vs. time of the controlled 
two-body systems is compared to that of the rigid projectiles in figure 25.  Inertial characteristics 
of the modified projectile cause an initial increase in the angle of attack of the modified two-
body system at launch.  Fixing the orientation of the mass unbalance (which occurs at 6 s) 
perturbs the system dynamics affecting increases in the angle of attack of the controlled two-
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body systems.  It also induces lateral oscillations of the nominal two-body system angle of 
attack, which decay over time.  Fixing the mass unbalance at an angle of 0° in the controlled 
systems increases their Euler yaw and pitch angles, as shown in figures 26 and 27.  A greater 
increase in these angles is achieved in the modified systems. 

 

Figure 19.  Spin-stabilized system altitude vs. range. 

 

Figure 20.  Spin-stabilized system cross range vs. range.
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Figure 21.  Spin-stabilized system magnitude of velocity time history. 

 

Figure 22.  Spin-stabilized system roll rate time histories. 
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Figure 23.  Spin-stabilized system part orientation angle time history. 

 

Figure 24.  Spin-stabilized system control torque. 
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Figure 25.  Spin-stabilized system angle of attack. 

 

Figure 26.  Spin-stabilized system Euler yaw angle. 
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(s) 



28 

 

Figure 27.  Spin-stabilized system Euler pitch angle. 

In order to evaluate the effect that controlling the orientation of the mass unbalance at different 
angles has on a spin-stabilized system, dispersion patterns shown in figure 28 are generated for 
the nominal, modified, and modified drag, two-body spin-stabilized systems.  As in the fin-
stabilized study, the orientation of the mass unbalance is controlled at angles from 0 to 360° in 
increments of 10°.  Ground impact points are plotted with respect to the impact points of a 
similar rigid projectile.  The patterns are laterally shifted about the rigid projectile impact points 
because of the increased roll rates of the controlled systems.  These axial torque induced roll 
rates produce Magnus forces that cause the controlled systems to swerve more laterally.  Figure 
28 is significant in the fact that it shows that predictable dispersion patterns are achieved for 
given mass unbalance orientation angles for a spin-stabilized system as well as for a fin-
stabilized system.  Increased control authority is also achieved with a spin-stabilized system by 
modifying the inertia and aerodynamic properties of the nominal rigid projectile such that it is 
fundamentally less stable then that of a typical spin-stabilized projectile.  Altering the 
aerodynamic properties changes the dynamics of the system such that the impact points for given 
angles are out of phase with the impact points generated from the same angles of a 
nonaerodynamically altered system.   

 

 

(s) (s) 
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Figure 28.  Control authority plot for spin-stabilized systems fired at 
Q.E. = 30°. 

Figure 29 shows the dispersion patterns for a nominal spin-stabilized system fired at quadrant 
elevations of 15, 30, and 45°.  Range control of an internal part control mechanism is limited in 
indirect fire weapons by the angle of fire.  Changes in cross range are proportional to the 
quadrant elevation of the muzzle; however, changes in range are sensitive to the pitch angle of 
the projectile.  To demonstrate this phenomenon, the system was fired at several different 
quadrant elevations, and the effected change in range is plotted vs. the change in pitch angle 
shown in figure 30.  For a system fired at a quadrant elevation of 50°, any change in pitch angle 
affected by the internal mechanism produces very little change in range. 

A modified spin-stabilized system was fired at a quadrant elevation of 30° with a semicylindrical 
internal part controlled at angles from 0 to 360° in increments of 10° and reformed 
asymmetrically 6 s into the flight.  Muzzle velocity was varied from 595 to 1265 m/s.  The initial 
roll rate was assumed constant and all other initial conditions were as given in the trajectory 
study previously discussed.  In order to isolate the effects of velocity on the trajectory, the radial 
mean of dispersion per trajectory length is plotted vs. average velocity in figure 31.  Unlike a fin-
stabilized system, spin-stabilized systems achieve greater control authority with higher velocity.  
In a spin-stabilized system, the Mach number dependent stationline center of pressure shifts aft 
toward the system stationline center of gravity as velocity is increased, thus destabilizing the 
system.  This finding is shown in figure 31 where average stationline distance from the center
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Figure 29.  Control authority plots for a nominal spin-stabilized system (Q.E. = 15, 30, 
and 45°). 

 

Figure 30.  Pitch angle sensitivity. 
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of pressure to the system center of mass is plotted on the right hand side of the graph.  This 
destabilization allows the perturbations due to axial drag-induced moments to have a greater 
impact on the amount of control authority. 

 

Figure 31.  Spin-stabilized dispersion and average stationline distance vs. average velocity. 

The effect of increasing part mass or increasing the distance the part center of mass is offset from 
the projectile axis of symmetry acts to increase control authority.  However, the size and shape of 
the part is constrained by the size and shape of the projectile that it is contained within.  A study 
was conducted in which material was removed in increasing radial amounts (as shown in figure 
32) from a disk shaped part contained in a modified fin-stabilized system.  Removing material 
from the disk results in a trade-off between increased mass center offset distance and decreased 
part mass.  The radial mean of dispersion was calculated from the impact points generated by 
simulating the trajectories of a modified fin-stabilized system equipped with the various parts 
controlled at angles from 0 to 360° in increments of 10°.  By generating the dispersion patterns 
and calculating the radial mean, it is shown in figure 33 that control authority is linearly 
proportional to the mass of the part times the radial offset of the part center of mass.  The radial 
mean produced by the most mass and smallest offset distance is recorded at the bottom left of the 
curve.  As mass decreases and offset distance increases, the curve slopes up and to the right.  As 
mass decreases further, the curve retraces itself back to the bottom left.  The same study 
conducted for a spin-stabilized system produces an identical trend.  The largest radial mean is 
achieved using a semicylindrical part, as depicted in figure 3, with 0=µ .   
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Figure 32.  Part mass removal configuration. 

 

Figure 33.  Dispersion as a function of part mass times part mass center offset. 
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In order to evaluate the effect that mechanism activation time has on control authority, dispersion 
patterns are shown for a modified spin-stabilized system fired at a quadrant elevation of 30° with 
nominal initial conditions.  The allowable control torque was specified to be unlimited and the 
reformation time of the part was varied.  The resulting radial mean of dispersion is plotted vs. the 
part reformation time in figure 34.  For an ideal system in which control torque is unlimited and 
the part is considered controlled at the desired orientation at firing, control authority achieved is 
greatly increased to a value of ~380 m.  The amount of dispersion is greatly reduced as the time 
of part reformation is increased.   

 

Figure 34.  Spin-stabilized dispersion vs. time of part reformation. 

Typical dispersion results for an uncontrolled nominal fin-stabilized rigid projectile based on a 
sample of 200 trajectories subjected to initial and in-flight errors are shown in figure 35.  
Induced launch errors are normally distributed random variables with means equal to zero.  The 
standard deviations are as follows: launch range position and launch cross range position 
standard deviations = 6.56 m, launch elevation aiming error = 0.34°, launch azimuth aiming error 
standard deviation = 0.23°, forward velocity error standard deviation = 13.12 m, pitch and yaw 
rate error standard deviation = 0.3 rad/s, side velocity errors standard deviations = 6.56 m/s, and 
mean wind magnitude standard deviation = 6.56 m/s.  The mean wind direction is considered as 
a uniformly distributed random variable varying from 0 to 360°.  The circular error probable 
(CEP) shown as a dotted line in figure 35 is defined as the minimum radius of a circle centered at 
the mean impact point and containing at least 50% of the shot impact points (shown as x’s).  The 
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control authorities for nominal, modified, and modified drag fin-stabilized systems are shown on 
figure 35 as solid lines and are labeled accordingly.  Ideally, a practical control mechanism has 
control authority significantly greater than the CEP of the uncontrolled round.  However, impact 
point dispersion can only be reduced to the accuracy of a weapon’s position estimate in the 
vicinity of the target and the control authority suggested from the simulation should be tempered 
against position estimate errors that add to dispersion characteristics of a fielded weapon.  The 
dispersion generated from the trajectories of a nominal fin-stabilized rigid projectile subjected to 
errors induced at launch and in flight result in a CEP of 27.4 m.  The CEP shown in figure 35 is 
almost coincident with the control authority of the modified fin-stabilized system; however, the 
control authority plot is slightly elliptical and the CEP circle is barely visible just inside it.  The 
control authority for a controlled nominal system contains only 1.5% of all impact points 
produced from errors induced at launch and during flight.  This result establishes the fact that an 
internal part control mechanism is not a viable system for decreasing dispersion of the nominal 
system.  However, the modified and modified drag system yield control authority that contains 
48.5% and 79.5% of all impact points generated.  This indicates that a controlled modified fin-
stabilized system is capable of creating impact point changes that are the same order of 
magnitude as 50% of those caused by errors induced at launch and in flight.  A controlled 
modified drag fin-stabilized system is capable of creating impact point changes that are the same 
order of magnitude as roughly 80% of all error induced dispersion.   

 

 

Figure 35.  Uncontrolled dispersion of a fin-stabilized rigid projectile 
and fin-stabilized system control authority. 
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Typical dispersion results based on a sample of 200 trajectories subjected to initial and in-flight 
errors for an uncontrolled nominal spin-stabilized rigid projectile fired at a 30° quadrant 
elevation are shown in figure 36.  The induced errors are the same as those for the fin-stabilized 
systems except for initial pitch and yaw rate, which have specified means of 0 rad/s and standard 
deviations of 2 rad/s.  The labeled solid lines shown in figure 36 are the control authorities for 
nominal, modified, and modified drag spin-stabilized systems.  A CEP of 165 m is obtained for 
the uncontrolled nominal system.  A controlled nominal spin-stabilized system is only capable of 
a control authority that contains 11.5% of all impact points generated, and a controlled modified 
spin-stabilized system has control authority that contains 37.5% of all impact points generated.  
A modified drag spin-stabilized system equipped with an internal part control mechanism creates 
impact point changes that are the same order of magnitude as 50.5% of those caused by errors 
induced at launch and in flight.   

 

Figure 36.  Uncontrolled dispersion of a spin-stabilized rigid projectile and 
fin-stabilized system control authority. 

8. Conclusions 

A seven DOF flight dynamic model is documented and subsequently used for trajectory 
predictions of fin-stabilized and spin-stabilized projectiles equipped with internal unbalanced 
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rotating parts.  It is shown that holding the unbalanced part in a fixed roll orientation with respect 
to the no-roll reference frame causes predictable trajectory changes with respect to an 
uncontrolled system including predictable impact point changes.  The main mechanism for 
steering the projectile is a moment produced by axial drag about the composite body center of 
mass that is created by positioning the part in a fixed roll orientation.  Control authority for both 
types of systems is shown to increase proportionally as the multiplicative value of unbalance-
offset distance times part mass is increased.  The amount of control authority achieved is greatly 
increased the earlier in flight that control is initiated.  Fin-stabilized system control authority is 
increased with lower average flight velocity, while spin-stabilized system control authority is 
increased with higher average flight velocity.  The effect of decreasing or increasing the velocity 
in the appropriate system is to destabilize the projectile by moving the center of pressure closer 
to the center of gravity such that it is more responsive to perturbations caused by axial drag 
induced moments.  It should be noted that range control of an internal part control mechanism is 
limited in indirect fire weapons by the angle of fire.  Changes in cross range are proportional to 
the quadrant elevation of the muzzle; however, changes in range are sensitive to the pitch angle 
of the projectile.  Internal part control mechanisms do not effect sizeable reductions in dispersion 
when employed in standard weapon systems.  In order to achieve significant reductions in 
dispersion, internal part control mechanisms must be coupled with systems that are 
fundamentally less stable than current standard off-the-shelf weapons. 
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Appendix.  Kinetic Differential Equations 

Angular velocity of the projectile expressed in the projectile body frame: 

 sA PPIP ωω =/
v . (A-1) 
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Angular velocity of the part expressed in the projectile body frame: 

 sA DPID ωω =/
v . (A-4) 

 
⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡
ΙΟ= UA DPω . (A-5) 

 
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−
=

D

DD

DD

s
sc
cc

U

θ

ψθ

ψθ

. (A-6) 

Angular velocity of the part expressed in the part body frame: 

 sA DDID ωω =/
v . (A-7) 
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where DT  is the transformation matrix from the part body frame to the projectile body frame: 
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Angular acceleration of the projectile expressed in the projectile body frame: 

 sA PPIP &
v

αα =/ . (A-10) 
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Angular acceleration of the part expressed in the projectile body frame: 

 DPDPID BsA ααα += &
v

/ . (A-12) 
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 { } ωωα USB IPDP /
v= . (A-14) 

{ }S  designates a skew-symmetric operator formed using the components of the vector it is 
describing as shown in equation A-15:  
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For instance, PPSω  is the skew-symmetric operator for the angular velocity of the projectile 
expressed in the projectile body frame. 

Angular acceleration of the part expressed in the part body frame: 

 DDDDID BsA ααα += &
v

/ . (A-16) 

 DP
T

DDD ATA αα = . (A-17) 

 DP
T

DDD BTB αα = . (A-18) 

Translational acceleration of the system reference point expressed in the projectile body frame: 
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Translational acceleration of the projectile center of mass expressed in the projectile body frame: 

 APPAPPIP BsAa += &
v

/ . (A-22) 

 { } SPPSASPAPP ArSAA α→−= v . (A-23) 
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Translational acceleration of the part expressed in the projectile body frame: 

 ADPADPID BsAa += &
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/ . (A-25) 
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Translational acceleration of the part expressed in the part body frame: 

 ADDADDID BsAa += &
v

/ . (A-28) 

 ADP
T

DADD ATA = . (A-29) 

 ADP
T

DADD BTB = . (A-30) 

Angular momentum time derivative of the projectile body expressed in the projectile body 
frame: 

 HPPHPP
IP BsA

dt
Hd
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v
/ . (A-31) 

 PPPHPP AIA α= . (A-32) 

 { } sAISB PPPIPHPP ωω /
v= . (A-33) 
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Angular momentum time derivative of the part body expressed in the projectile body frame: 
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ID BsA
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/ . (A-34) 
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T
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DDDHDP ωαωα ω /
v&& +++= . (A-36) 

Angular momentum time derivative of the part body expressed in the part body frame: 
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 DPDHDP AIA α= . (A-38) 

 { } sAISBIB DPDIDDPDHDP ωα ω /
v+= . (A-39) 

Constraint force expressed in the projectile body frame: 
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. (A-40) 
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Translational dynamic equation of motion for the projectile body: 

 PTPT BsA =& . (A-43) 

 ADPDAPPPPT AmAmA += . (A-44) 
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Angular dynamic equation of motion for the projectile body: 

 PRPR BsA =& . (A-46) 

 { } { } FRPCPADPDCDHDPHPPPR ArSArSmAAA →→ +++= vv . (A-47)
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Angular dynamic equation of motion for the part body: 

 DRDR BsA =& . (A-49) 

 { } [ ]ADDRCDDHDDDR ASmAA +•= 001 . (A-50) 
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List of Symbols, Abbreviations, and Acronyms  

IDa /
v   = Acceleration of unbalanced part mass center with respect to an inertial 

frame. 

IPa /
v   = Acceleration of projectile mass center with respect to an inertial frame. 

ISa /
v

  = Acceleration of stationary system reference point with respect to an 
inertial frame. 

ID /αv   = Angular acceleration of unbalanced part with respect to an inertial frame. 

IP /αv   = Angular acceleration of projectile with respect to an inertial frame. 

AF
v

  = Aerodynamic forces. 

RF
v

  = Reaction force.  

IPH /

v
  = Angular momentum of the projectile with respect to an inertial frame. 

IDH /

v
  = Angular momentum of the unbalanced part with respect to an inertial 

frame. 

PI   = Mass moment of inertia of the projectile about its mass center. 

DI   = Mass moment of inertia of the unbalanced part about its mass center. 

CCC KJI
vvv

,,  = Control reference frame unit vectors. 

DDD KJI
vvv

,,  = Unbalanced part frame unit vectors. 

III KJI
vvv

,,  = Inertial frame unit vectors. 

NNN KJI
vvv

,,  = No-roll frame unit vectors. 

PPP KJI
vvv

,,  = Projectile frame unit vectors. 

AAA NML ,,  = Total aerodynamic moment components expressed in the body frame. 

AM
v

  = Total aerodynamic moment.  

FM
v

  = Bearing friction moment.  

RM
v

  = Bearing reaction moment.  
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Dm   = Unbalanced part body mass. 

Pm   = Projectile mass. 

rqp ,,   = Roll, pitch, and yaw components of the angular velocity vector of the 
projectile expressed in the body frame. 

Cφ   = Commanded control angle. 

Eφ   = Control angle error. 

Jφ   = Part orientation angle. 

ψθφ ,,   = Euler roll, pitch, and yaw angles of projectile. 

DDD ψθφ ,,  = Euler orientation angles of the unbalanced part with respect to the 
projectile. 

DCr →
v   = Distance from internal part axle connection point to unbalanced part center 

 of mass. 

APr →
v   = Distance from projectile center of mass to center of pressure. 

CPr →
v   = Distance from projectile center of mass to unbalanced part axle connection 
   point. 

DPr →
v   = Distance from projectile center of mass to unbalanced part center of mass. 

MPr →
v   = Distance from projectile center of mass to center of Magnus force. 

PSr →
v   = Distance from stationary system reference point to projectile center of  
   mass. 

CSr →
v   = Distance from stationary system reference point to unbalanced part axle 

 connection point. 

T
v

  = Control torque vector. 

PT   = Transformation matrix from the projectile body frame to the inertial  
   frame. 

DT   = Transformation matrix from the part body frame to the projectile body  
   frame. 

wvu ,,   = Translational velocity components of projectile center of mass resolved in 
the body frame. 
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ISV /

v
  = Velocity of stationary system reference point with respect to the inertial  

   frame. 

DW
v

  = Weight of part body. 

PW
v

  = Weight of projectile body. 

DW   = Magnitude of unbalanced part weight. 

PW   = Magnitude of projectile body weight vector. 

ω   = Unbalanced part angular velocity component resolved in the unbalanced  
   part frame. 

ID /ωv   = Angular velocity of unbalanced part with respect to the inertial frame. 

PD /ωv   = Angular velocity of unbalanced part with respect to the projectile body  
   frame. 

IP /ωv   = Angular velocity of projectile body with respect to the inertial frame. 

AAA ZYX ,,  = Total aerodynamic force components expressed in the body frame. 

zyx ,,   = Position components of the projectile center of mass expressed in the 
inertial frame. 

CDCDCD zyx ,,  =  Unbalanced part frame components of distance from part axle connection 
point to part center of mass. 

PCPCPC zyx ,,  = Projectile body frame components of distance from projectile center of 
mass to part axle connection point.
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